Abstract. It is commonly believed that drift waves and drift-wave turbulence play a major role in the understanding of anomalous transport at the plasma edge of a tokamak fusion reactor. A one-eld equation describing the electrostatic potential uctuations in this regime is the so-called Hasegawa{Mima equation. If this equation is driven by some instability and damped by some hyperviscous term, the energy grows exponentially in time which is not consistent with the approximations made in the derivation of the equation. Numerical simulations of a perturbed Hasegawa{ Mima equation which includes in addition a so-called E B nonlinearity showed that the energy saturates at a nite level. In this paper this numerical observation is proven analytically.
Introduction
An open and still controversial issue in tokamak fusion reactors is the problem of anomalous transport associated with con nement degradation. One commonly believed explanation is the turbulent dynamics of electrostatic drift waves. The simplest nonlinear model describing the time evolution of drift waves was derived by Hasegawa and Mima 1] @ t (1 ? ) = ? @ y + f ; g + 3 : (1) Here describes the electrostatic potential uctuations and density uctuations n assuming a Boltzmann relation n . This equation also arises in the context of Rossby waves in the atmospheres of rotating planets 2].
If this equation (1) is supplemented by some driving ? @ yy and damping ?(? ) k it was shown in numerical experiments by Kono and Miyashita 3] that a large dipole evolves due to the existence of an inverse energy cascade. Unfortunately, this dipole grows nearly exponentially in time without saturation indicating that some relevant physical process is missing. This problem can be solved if one allows for a phase shift between density and potential uctuations leading to a so-called E B In this paper, the two-dimensional equation derived by Liang et al. 4 ] is studied as a prototype. This equation reads with > 0, > 0, > 0 and where f ; g denotes the Poisson bracket ff; gg = (@ x f)(@ y g) ? (@ y f)(@ x g): The terms ? @ y , ? @ yy and 3 describe a drift, a driving through an instability and damping, respectively. The nonlinear terms comprise a convection term f ; g and the additional E B nonlinearity f ; @ y g. For technical reasons, hyperviscous damping 3 is used instead of viscous dissipation ? 2 . This is no severe restriction since energy ows to large scales.
The eld is subjected to periodic boundary conditions in y (x; y) = (x; y + L y )
and to Dirichlet boundary conditions in x (0; y) = (L x ; y) = 0 : (5) The interesting regime considered here corresponds to the highly unstable case. As one can easily see, periodic boundary conditions in both directions do not make much sense since the nonlinearities vanish for chosen to be = cos(k(x + y)) : If k x = k y = k satis es the inequality (5), then grows exponentially in time.
The problem in deriving an estimate for can be seen by multiplying equation (2) with and integrating over space. The result is given by 1
The best one can obtain from equation (6) is an exponential growth in time as would be the case for the linearly unstable system. The situation is very similar to the case of the one-dimensional Kuramoto{ Sivashinsky equation
Multiplying equation (7) with u and integrating over space yields
which corresponds to the simple estimate (6 The stabilizing e ect of the additional nonlinearity f ; @ y g can now be The following simpli cations can be made. First, the sum over k + l + m = 0 is converted into a sum over k and l where m is substituted by m = ?k ? l. Next, the symmetry (13) is used to change the sum over n 2 Z X n2Z (@ y^ n ) 2 = 2 X n>0 (@ y^ n ) 2 :
The same replacement is used for the second term on the right hand side of equation (15) 
Now, it remains to estimate R (@ 3 
where M has to be chosen to ful l the inequality (18).
Remarks
If we consider the limit 1 such that in (18) the term containing dominates, the scaling of the energy estimate with respect to takes the form 
